. We prove an extension of Itô's formula where the usual second order terms are replaced by the quadratic covariations f k (X); X k ] involving the weak rst partial derivatives f k of F. In particular we show that for any locally square-integrable function f the quadratic covariations f(X); X k ] exist as limits in probability for any starting point, except for some polar set. The proof is based on new approximation results for forward and backward stochastic integrals.
Introduction
The behavior of a smooth function F on R d along the paths of d-dimensional Brownian motion is described as follows by Itô's formula. Let P x be the distribution of Brownian motion with initial point x, and let X = (X where we denote by f k = @F @x k the partial derivatives of F. Itô 's formula provides an alternative description of the process A: (1:2) A t = 1 2 Z t 0 F(X s )ds P x ? a:s:
for any t 0, and for any starting point x 2 R d .
Note, however, that the description (1.2) in terms of the Laplace operator involves second order di erentiability of F, while de nition (1.1) requires only di erentiability of rst order. In fact, the process in (1.1) is well de ned whenever F belongs to the Sobolev space W 1;2 , at least locally. In this case, we choose an appropriate version of F and use the weak rst derivatives f k in order to de ne (1.1) P x -almost surely for all x = 2 E, where E is some polar set. Thus the question arises how to formulate an analogue to (1.2) for a general function F 2 W 1;2 loc . Of course we can always approximate F by smooth functions F (n) in such a way that the terms in (1.1) converge to the corresponding terms for F, and then we get the description But rather we are interested in an intrinsic description which directly involves the function F itself. It turns out that such an intrinsic description can be given in terms of quadratic covariation. We show that for any initial point x 2 R d , except for some polar set, the quadratic covariations f k (X); X k ] exist as limits in probability of the usual sums under the measure P x . Our extension of Itô's formula consists in identifying the process A de ned by (1.1) as for all x except for some polar set.
If F is the di erence of two positive superharmonic functions so that the distribution 1 2 F is given by a signed measure , then (1.5) provides an explicit description of the additive functional associated to which appears in the extended Itô formula of Brosamler (1970) and Meyer (1978) . In the general case F 2 W 1;2 , we can view F as a function in the Dirichlet space associated to d-dimensional Brownian motion. From this point of view, A is the process of zero energy appearing in Fukushima's decomposition of the process F(X t ) (t 0); cf. Fukushima (1980) . Thus, our formula (1.5) provides an explicit construction of the process of zero energy in terms of quadratic covariation.
In the one-dimensional case, the extension (1.5) of Itô's formula was shown in F ollmer, Protter and Shiryaev (1995) . In this paper we consider the case d 2. The basic idea is the same: The existence of the quadratic covariations in (1.4) is shown by proving that the forward and the backward stochastic integrals of f k (X) can be approximated by the corresponding sums. But in contrast to the one-dimensional case, these approximation results hold only for all initial points x outside some exceptional set of capacity zero, and the proofs are more subtle. In section 2 we x a starting point x 0 2 R d and a measurable function f on R d . We formulate two integrability conditions on f in terms of x 0 which guarantee that both the forward and the backward stochastic integral can be constructed in a straightforward manner as limits in probability
and
under the measure P x 0 . This implies the existence of the quadratic covariations
as limits in probability under the measure P x 0 , and their identi cation as di erences at least for some x 0 and for some t. Note that condition (1.9) is clearly a minimal requirement if we want to talk about stochastic integrals of f(X). 
The idea of deriving an extended Itô formula in terms of quadratic covariations de ned by (1.8) or in terms of Stratonovich integrals de ned as in (1.10) has appeared independently in Russo and Vallois (1996) in a general semimartingale context, and in Lyons and Zhang (1994) in the context of Dirichlet spaces. Note that it makes sense to use both (1.8) and (1.10) as a de nition of the quantities appearing on the left hand side whenever the processes X k are semimartingales after time reversal. However, the explicit approximation of the stochastic integrals in (1.5) and (1.6) and the resulting identi cation of the quadratic covariations as limits in probability of the sums in (1.7) is another matter. Such an approximation is of course straightforward if f is continuous. Russo and Vallois (1996) consider a di erent approximation where they rst smoothe the right hand side of (1.7) by taking integrals over time instead of the usual sums. In Lyons and Zhang (1994) , the identi cation (1.7) of the quadratic covariations f(X); X k ] is shown under the regularity assumption that the function f belongs to the Dirichlet space, and convergence in probability is formulated with respect to a reversible reference measure.
In this paper, we concentrate on the classical case of Brownian motion. But here we insist on two improvements. First, the approximations (1.5), (1.6) and (1.7) are established with respect to a given starting point x 0 2 R d under explicit integrability conditions involving f and x 0 . The second point is that we remove any smoothing and any regularity assumptions on the measurable function f. We require only the minimal integrability conditions which are needed in order to guarantee existence of the forward stochastic integral in (1.11). Thus, the existence of the quadratic covariations in (1.4) is established on exactly the same level of generality which is appropriate for de ning the stochastic integrals in (1.1).
Existence of Quadratic Covariation
Let f be a measurable function on R d where d 2. Our purpose in this section is to establish the existence of the quadratic covariations f(X); X k ] under appropriate integrability hypotheses on f, but without assuming any regularity conditions. Consider the sums (2:1)
along a sequence of partitions D n of R + . As in F ollmer, Protter and Shiryaev (1995), the idea is to decompose (2.1) and to show that the two sums X note that the second condition is satis ed whenever the partitions are equidistant.
For a given point x 0 2 R d we de ne two norms for f: (3.24) . In section 3 we will see that, in view of a general result on the existence of quadratic covariation, it is natural to assume niteness of both norms for all points x 0 = 2 E, where E is an exceptional set which is not hit by Brownian 
for each k 2 f1; : : : ; dg. Proof. It su ces to consider the case t = 1. Then the quadratic covariation
exists in probability under P x 0 and satis es
for each k 2 f1; : : : ; dg. Proof. Let t be xed and " > 0, and let T m = infft > 0 jX t = 2 K m g be the exit time from K m . We denote by S n the n-th sum in (2.58), by S the di erence of the forward and backward stochastic integrals, and by S m n and S m the corresponding terms if the function f is replaced by f m . Since S n = S m n and S = S m P x 0 -a.s. on fT m > tg, we have and due to (2.56) the result follows by letting m tend to 1.
Exceptional sets
Let f be a measurable function on R d . In our approximation (2.55) of the quadratic covariation
as a limit in probability under P x 0 , we have assumed integrability conditions on f which are formulated in terms of the initial point x 0 . In this section we show that it is no loss of generality to make these assumptions for all x 0 outside some exceptional set which is not hit by Brownian motion. P x X t 2 E for some t > 0] = 0 8x 2 R d : (3.4) Remark. This probabilistic notion of an exceptional set is equivalent to the potential theoretic notion of a set of capacity zero; see, e.g., Fukushima (1980, Th. 4.3.1 and Example 4.3.1). Equivalently, we can de ne these exceptional sets in terms of the Bessel capacity of order (1,2) as in Ziemer (1989, 2.6 ); see, e.g., Fukushima (1993, p.25) .
Note rst that in order to introduce the forward stochastic integral in (3.1) with respect to the measure P x 0 , at least for some x 0 2 R d and some t > 0, we clearly need the condition 2) It remains to verify the integrability condition (3:12) jjf m jj 1 (x 0 ) < 1 for all x 0 outside some polar set. . We x a version F such that (4.1) holds outside some polar set E 0 , and we denote by for all x 0 except for some polar set; see Fukushima (1980, (5.4.23) ). Due to (3.21) we can conclude that the quadratic covariations f k (X); X k ] t are well de ned as limits in probability under P x 0 for all x 0 , except for some polar set. Alternatively we can apply propositions (2.7) and (2.23), using the estimates jjf k jj i (x 0 ) < 1 (i = 1; 2) for x 0 = 2 3) In order to construct such an approximation, let us take functions F (n) 
